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Abstract
The Bc meson pair, including pairs of both pseudoscalar states and vector states, productions
in high energy photon-photon interaction are investigated at the next-to-leading order (NLO)
accuracy in the nonrelativistic quantum chromodynamics (NRQCD) factorization formalism.
The corresponding cross sections at the future e+e− colliders with
√
s = 250 GeV and 500
GeV are evaluated. Numerical result indicates that the inclusion of the NLO corrections shall
greatly suppress the scale dependence and enhance the prediction reliability. In addition to
the phenomenological meaning, the NLO QCD calculation of this process subjects to certain
technical issues, which are elucidated in details and might be applicable to other relevant
investigations.
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I. INTRODUCTION
As the only heavy meson consisting of two heavy quarks with different flavors, the
Bc meson is of great interest in both experiment and theory. Study of its production
and decays may enrich our knowledge on the properties of double heavy meson and
the nature of perturbative QCD (pQCD). The ground state of Bc meson, B
+
c (1S), was
discovered by CDF Collaboration [1, 2] in 1998. And its excited state B+c (2S) was
observed by ATLAS [3] and CMS [4] Collaboration in 2014 and 2019 respectively.
Due to the large mass of bottom and charm quarks, the production of heavy quark
pair can be described by pQCD, while the hadronization process can be factored by
using the NRQCD factorization formalism [5]. For inclusive Bc meson production,
various investigations have been carried out, including the direct production through
pp [6–9], e+e− [10, 11], γγ [12, 13] and ep [14, 15] collisions, and the indirect production
through top quark [16, 17], Z boson [18–21], W boson [22–24] and Higgs boson [25]
decays.
In processes of QCD and quantum electromagnetic dynamics (QED), the B+c me-
son is produced in accompany with one additional bc¯ pair. Hence there are certain
probabilitis for bc¯ to form another bc¯ meson, namely the Bc-pair exclusive production.
Generally speaking, the experiment measurement of exclusive process possesses a rela-
tive high precision, which is required in exploring the properties of QCD and hadrons.
In the literature, various Bc-pair production processes have been investigated, includ-
ing in pp [26, 27], e+e− [28–30] and γγ [26] collisions. We notice that in Ref.[26] the
leading order (LO) analysis on Bc-pair production in photon-photon collision was per-
formed, however with only B+c +B
−
c (pseudoscalar-pseudoscalar, PP) and B
∗+
c +B
∗−
c
(vector-vector, VV) configurations being considered. In this work, for the sake of com-
pleteness we first repeat the LO calculation in [26] and then calculate the LO Bc-pair
production in B+c +B
∗−
c (pseudoscalar-vector, PV) and B
∗+
c +B
−
c (vector-pseudoscalar,
VP) configurations1. In the end, all these processes will be evaluated up to the NLO
1 The PV and VP production are related by a charge-conjugation transformation. Their cross section
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QCD accuracy. Note, hereafter for simplicity the Bc represents for both pseudoscalar
Bc and vector B
∗
c , which may overwhelmingly decay to the pseudoscalar state, unless
specifically mentioned.
The rest of the paper is organized as follows. In section II we present the primary
formulae employed in the calculation. In section III, some technical details in the
analytical calculation are given. In section IV, the numerical evaluation for concerned
processes is performed. The last section is remained for summary.
II. FORMULATION
According to NRQCD factorization formalism, the cross section of Bc-pair produc-
tion via photon-photon fusion can be formulated as
dσˆ(γ + γ → B+c +B−c ) =
|ψ(0)|4
2sˆ
1
4
∑
|M(γ + γ → [cb¯] + [bc¯])|2dPS2, (1)
where ψ(0) is the wave function of Bc meson at the origin, sˆ is the center-of-mass energy
square for the two photons,
∑
sums over the polarizations and colors of the initial and
final particles, 1
4
comes from the spin average of the initial γγ states, M(γ + γ →
[cb¯] + [bc¯]) is the corresponding partonic amplitude, dPS2 stands for the two-body
phase space.
The partonic amplitude can be computed by using the covariant projection operator
method. At the leading order of the relative velocity expansion, it is legitimate to take
mBc = mb +mc, pBc = pc + pb = (1 +
mc
mb
)pb. The spin and color projection operator
has the form
Π(n) =
1
2
√
mBc
ǫ(n)(/pBc
+mBc)⊗
(
1c√
Nc
)
, (2)
where ǫ(1S0) = γ5, ǫ(
3S1) = /ǫ and ǫ is the spin polarization for B
∗
c meson. The 1c
stands for the unit color matrix, and Nc = 3 for the number of colors in QCD.
The photon-photon scattering can be achieved in high energy e+e− collider like the
are exactly the same.
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Large Electro-Positron Collider (LEP), the Circular Electron Positron Collider (CEPC)
and the International Linear Collider (ILC), or in hadron collider like the Large Hadron
Collider (LHC). Here we focus only on the e+e− collision case, where the initial photon
can be generated by the bremsstrahlung or by the laser back scattering (LBS) effect.
The cross section are then formulated as
dσ(e++e− → e++e−+B+c +B−c ) =
∫
dx1dx2fγ(x1)fγ(x2)dσ(γ+γ → B+c +B−c ), (3)
where fγ(x) is the photon distribution with the fraction x of the beam energy.
Imposing transverse momentum cut p−T < pT < p
+
T and rapidity cut |y| < yc to each
Bc meson, the formula for total cross section is
σ(e+ + e− → e+ + e− +B+c +B−c )
=
1
256π
{
θ
(
yc − ln 2m
−
T√
s
) ∫ ln 2m+T√s
ln
2m
−
T√
s
dX
∫ min{y+
T
,yc}
max{−y+
T
,−yc}
dy∗
sech2y∗
E21
∑
|M|2
∫ min{yc−y∗,−X}
max{−yc+y∗,X}
dy0x1fγ(x1)x2fγ(x2) + θ
(
yc − ln 2m
+
T√
s
) ∫ min{0,ln( 2m+T√s coshyc)}
ln
2m
+
T√
s
dX
(∫ min{y+t ,yc}
y−
T
dy∗ +
∫ −y−
T
max{−y+
T
,−yc}
dy∗
)
sech2y∗
E21
∑
|M|2
∫ min{yc−y∗,−X}
max{−yc+y∗,X}
dy0x1fγ(x1)x2fγ(x2)
}
, (4)
with
X =
1
2
ln(x1x2), y0 =
1
2
ln
x1
x2
,
m±T =
√
m2Bc + p
±
T ,
y±T =
1
2
ln
E1 +
√
E21 −m∓2T
E1 −
√
E21 −m∓2T
. (5)
Here,
√
s is the collision energy for e+e− collider, E1 =
√
sx1x2/2 and y
∗ = y − y0 are
the energy and rapidity of Bc meson in the photon-photon center-of-mass system, θ(x)
means the unit step function.
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FIG. 1: The spectra of WWA photon and LBS photon at
√
s = 250 GeV.
The spectrum of bremsstrahlung photon can be well formulated in the Weizsacker-
Williams approximation (WWA) as [31]
fγ(x) =
α
2π
[
1 + (1− x)2
x
log
(
Q2max
Q2min
)
+ 2m2ex
(
1
Q2max
− 1
Q2min
)]
, (6)
where Q2min = m
2
ex
2/(1− x) and Q2max = Q2min + (θc
√
s/2)2(1 − x) with x = Eγ/Ee, θc
is the experimental angular cut which taken to be 32 mrad here. For the LBS photon,
the spectrum is expressed as [32]
fγ(x) =
1
N
[
1− x+ 1
1− x − 4r(1− r)
]
, (7)
where r = x
xm(1−x) and the normalization factor
N =
(
1− 4
xm
− 8
x2m
)
log(1 + xm) +
1
2
+
8
xm
− 1
2(1 + xm)2
. (8)
Here xm ≃ 4.83 [33] and the energy fraction x of photon is restricted in 0 ≤ x ≤
xm/(1+xm). The behaviors of WWA photon and LBS photon are quite different, their
spectra at
√
s = 250 GeV are shown in Fig.1.
III. ANALYTICAL CALCULATION
The typical tree-level and one-loop Feynman diagrams for the partonic process
are shown in Fig.2. The momenta and the polarization vectors for the incoming and
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FIG. 2: Typical tree-level and one-loop Feynman diagrams for the partonic process (9).
outgoing particles are denoted as:
γ(p1, ǫ1) + γ(p2, ǫ2)→ [cb¯](k1, ǫ3) + [c¯b](k2, ǫ4). (9)
All initial and final state particles are on the mass shell: p21 = p
2
2 = 0 and k
2
1 = k
2
2 =
m2Bc . The polarization vectors satisfy the constraint: ǫ1 ·ǫ∗1 = ǫ2 ·ǫ∗2 = ǫ3 ·ǫ∗3 = ǫ4 ·ǫ∗4 = −1
and p1 · ǫ1 = p2 · ǫ2 = k1 · ǫ3 = k2 · ǫ4 = 0.
To proceed the calculation, we notice working in the photon-photon center-of-
mass system is convenient. By introducing the orthonormal four-vector base: n0 =
(1, 0, 0, 0), n1 = (0, 1, 0, 0), n2 = (0, 0, 1, 0) and n3 = (0, 0, 0, 1), we may choose
p1 = E1(n0 + n3), p2 = E1(n0 − n3),
k1 = E1(n0 + ryn2 + rzn3), k2 = E1(n0 − ryn2 − rzn3). (10)
and
ǫ
(1)
1 = n1, ǫ
(2)
1 = n2, ǫ
(1)
2 = n1, ǫ
(2)
2 = n2;
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ǫ
(1)
3 = n1, ǫ
(2)
3 =
rzn2 − ryn3√
r2y + r
2
z
, ǫ
(3)
3 =
(r2y + r
2
z)n0 + ryn2 + rzn3
rm
√
r2y + r
2
z
;
ǫ
(1)
4 = n1, ǫ
(2)
4 =
rzn2 − ryn3√
r2y + r
2
z
, ǫ
(3)
4 =
(r2y + r
2
z)n0 − ryn2 − rzn3
rm
√
r2y + r
2
z
. (11)
Here E1 =
√
sx1x2/2, ry = ky/E1, rz = kz/E1, rm = mBc/E1, and the on shell
condition constrain r2y + r
2
z + r
2
m = 1. Then, the helicity amplitudes can be calculated
straightforwardly through
MijPP = AµνPPǫ(i)1µǫ(j)2ν ,
MijkPV = AµνρPV ǫ(i)1µǫ(j)2ν ǫ(k)3ρ ,
MijkVP = AµνρVP ǫ(i)1µǫ(j)2ν ǫ(k)4ρ ,
MijklVV = AµνρσVV ǫ(i)1µǫ(j)2ν ǫ(k)3ρ ǫ(l)4σ. (12)
The tree-level calculation is straightforward, however the full analytic expressions of
helicity amplitudes are still too lengthy to present in the mainbody of text. Considering
of the symmetry property in amplitudes, we give the LO results in Appendix.
In the computation of one-loop amplitudes, the conventional dimensional regular-
ization with D = 4−2ǫ is adopted to regularize the ultraviolet (UV) and infrared (IR)
singularities. The IR singularities are canceled each other and the UV singularities
are removed by renormalization procedure. The renormalization constants include Z2,
Zm, Z3 and Zg, which corresponding to heavy quark field, heavy quark mass, gluon
field and strong coupling constant, respectively. We define Z2 and Zm in the on-shell
(OS) scheme, Z3 and Zg in the modified minimal-subtraction (MS) scheme. The cor-
responding counterterms are
δZOS2 =− CF
αs
4π
[
1
ǫUV
+
2
ǫIR
− 3γE + 3 ln 4πµ
2
m2
+ 4
]
,
δZOSm =− 3CF
αs
4π
[
1
ǫUV
− γE + ln 4πµ
2
m2
+
4
3
]
,
δZMS3 =
αs
4π
(β0 − 2CA)
[
1
ǫUV
− γE + ln(4π)
]
,
δZMSg =−
β0
2
αs
4π
[
1
ǫUV
− γE + ln(4π)
]
. (13)
7
Here, µ is the renormalization scale, γE is the Euler’s constant; the mass m stands for
mc and mb accordingly; β0 = (11/3)CA− (4/3)Tfnf is the one-loop coefficient of QCD
beta function, nf is the number of active quarks which taken to be 5 in our calculation;
CA = 3, CF = 4/3 and TF = 1/2 are color factors. Note, in the final results, all the
δZ3 terms are cancelled with each other.
We provide the analytic results for one-loop amplitudes as supplementary files at-
tached to the arXiv preprint. In the NLO calculation, the Mathematica package Fey-
nArts [34] is used to generate Feynman diagrams and Feynman amplitudes; FeynCalc
[35, 36] and FORM [37, 38] are used to perform algebraic calculation; The package
FIRE [39, 40] is employed to reduce the Feynman integrals into typical master inte-
grals A0, B0, C0 and D0, which are numerically evaluated by LoopTools [41].
IV. NUMERICAL RESULTS
In the numerical analysis, the formula (4) is used, with |M|2 ≃ |Mtree|2 for the
LO calculation and |M|2 ≃ |Mtree|2 +2Re(MloopM∗tree) for the NLO calculation. The
rapidity and pT cuts, |y| < 2 and 2 < pT < 40 GeV, are imposed to each Bc meson.
Other parameters used in numerical evaluation go as follows:
α = 1/137.065, me = 0.511 Mev mc = 1.5 GeV,
mb = 4.8 GeV, |ψ(0)|2 = 1.642
4π
GeV3. (14)
Here, the Bc wave function at the origin is estimated by using the Buchmueller-Tye
potential [42].
The two-loop strong coupling of
αs(µ)
4π
=
1
β0L
− β1 lnL
β30L
2
(15)
is employed in the NLO calculation, in which, L = ln(µ2/Λ2QCD), β0 = (11/3)CA −
(4/3)TFnf , β1 = (34/3)C
2
A − 4CFTFnf − (20/3)CATFnf . Here we take nf = 5 and
ΛQCD = 210 MeV [43].
8
In the future, the e+e− collider like CEPC or ILC may run at
√
s = 250 GeV
or
√
s = 500 GeV. Therefore, we investigate the Bc-pair production with both WWA
photon and LBS photon at these two collision energies. Taking the same inputs, we can
numerically repeat the LO double pseudoscalar Bc production result in [26]. The full
NLO results are presented in Fig.3, Fig.4 and Fig.5. Note, because the cross sections
for PV production and VP production are exactly the same, only the PV production
results are illustrated.
With µ = r
√
m2Bc + p
2
T , the total cross sections versus r are shown in Fig.3. We
observe that, with the NLO corrections, the LO cross sections as well as their depen-
dence on renormalization scale are suppressed. As the
√
s increased from 250 GeV to
500 GeV, the Bc-pair production rates are enhanced for the WWA photon case but are
depressed for the LBS photon case. This may be explained by the different behaviors
of WWA and LBS photon, as shown in Fig.1. The WWA photon are more likely to be
produced with small momentum fraction x, while the LBS photon tends to be more
energetic. Moreover, the partonic cross section σˆ(γ + γ → B+c + B−c ) would decrease
with the increase of incident photons center-of-mass energy.
The differential cross sections as functions of pT , the transverse momentum of one
of the two Bc mesons, are shown in Fig.4. It can be seen that as
√
s increased from
250 GeV to 500 GeV, the WWA distributions are shifted upward slightly, while the
LBS distributions are suppressed, especially at the small pT region. Since the LBS
photon are generally more energetic than the WWA photon, the produced Bc pairs
may possess larger pT , which lead to a flatter pT distribution.
The differential cross sections as functions of ∆y, the rapidity difference between
the two Bc mesons, are shown in Fig.5. Note, due to |∆y| = 2|y∗|, the |∆y| distribution
is equivalent to the |y∗| distribution, where y∗ is the rapidity of Bc meson in the photon-
photon center-of-mass system. For PP and VV production, the Bc pairs are more likely
to be produced around the y∗ = 0 region. While for the PV or VP production, the
peak is located close to y∗ = 0.6. Since the large energy may lead to large y∗, for the
same reason as explained in pT distribution, the LBS distributions are flatter than the
WWA distributions.
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FIG. 3: The LO and NLO cross sections versus r, where r = µ√
m2
Bc
+p2
T
.
In Ref.[30], the productions of Bc pairs in e
+e− annihilation via virtual γ∗ and Z∗
are investigated at the NLO QCD accuracy. At large
√
s, say
√
s > 160 GeV, the cross
sections are less than 10−6 fb, which are four to six orders of magnitude smaller than the
cross sections in our case. It means that at high energy e+e− collider, photon-photon
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collision tends to be the dominant scheme of the Bc-pair production.
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V. SUMMARY
In this work we investigate the Bc-pair production in high energy photon-photon
fusion at the NLO accuracy in the NRQCD factorization framework. Various of S-wave
Bc states, including configurations of PP, PV, VP and VV, are taken into account. Con-
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sidering the leading-order results for Bc-pair production in PV and VP configurations
are still missing in the literature, we calculate and provide the analytic results. The
total cross section as well as pT and ∆y distributions in e
+e− collider with
√
s =250
GeV and
√
s = 500 GeV are evaluated and presented in figures.
The numerical results show that with the NLO corrections, the LO cross sections
are suppressed, and their dependence on renormalization scale are reduced evidently.
By comparing with the results in Ref.[30], where the Bc-pair production in e
+e− anni-
hilation via virtual γ∗ and Z∗ are investigated, we conclude that at large e+e− collision
energy, say
√
s > 160 GeV, photon-photon collision will be the dominant source for
Bc-pair production.
Last, the NLO calculation of the concerned processes is somewhat time consuming
and computer resource exhausting. To fulfill this work, certain technical strategy in
the calculation is remarkable, which might be valuable to other relevant calculations.
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Appendix
For PP, PV (or VP) and VV production, there are 4, 12 and 36 helicity amplitudes
respectively, whereas, half of them are zero. The nonzero helicity amplitudes are
M11PP, M44PP, M111PV,VP, M122PV,VP, M123PV,VP, M212PV,VP, M213PV,VP, M221PV,VP;
M1111VV , M1122VV , M1123VV , M1132VV , M1133VV , M1212VV , M1213VV , M1221VV , M1231VV ,
M2112VV , M2113VV , M2121VV , M2131VV , M2211VV , M2222VV , M2223VV , M2232VV , M2233VV . (16)
The processes of PV and VP productions are correlated in charge-conjugation trans-
formation, their cross sections should be exactly the same. According convention (10)
and (11), the amplitudes satisfy
MijkPV = ±MijkVP, (17)
where the plus sign corresponds to {i, j, k} = {1, 1, 1} and {2, 2, 1}, the minus sign
corresponds to other cases. In addition, the helicity amplitudes satisfy also
M122PV =M212PV
∣∣
kz→−kz , M
123
PV = −M213PV
∣∣
kz→−kz ;
M122VP =M212VP
∣∣
kz→−kz , M
123
VP = −M213VP
∣∣
kz→−kz ;
M1123VV = −M1132VV , M2223VV = −M2232VV ,
M1212VV = −M1221VV
∣∣
kz→−kz = −M
2112
VV
∣∣
kz→−kz =M
2121
VV ,
M1213VV = −M1231VV
∣∣
kz→−kz =M
2113
VV
∣∣
kz→−kz = −M
2131
VV . (18)
The analytical expressions for helicity amplitudes can be classified in photon-quark
coupling, as
M = 8CACFm
3
Bc
π2ααs
3E21m
2
bm
2
c
[
e2cf1 − eceb(f2 + f3) + e2bf4 +
∑
i=u,d,s
e2i f5
]
, (19)
where eq represents the electric charge number of quark q, i.e. ec = eu =
2
3
, ed = es =
eb = −13 . The coefficients f1 and f4, f2 and f3 are related as per mc ↔ mb exchange:
fPP,1
∣∣
mc↔mb = fPP,4, fPP,2
∣∣
mc↔mb = fPP,3;
fPV,1
∣∣
mc↔mb = −fPV,4, fPV,2
∣∣
mc↔mb = −fPV,3;
fVP,1
∣∣
mc↔mb = −fVP,4, fVP,2
∣∣
mc↔mb = −fVP,3;
fVV,1
∣∣
mc↔mb = fVV,4, fVV,2
∣∣
mc↔mb = fVV,3. (20)
For the tree amplitudes, f5 is zero. The analytical results for other coefficients are
f 11PP,4 = − r
2(1−r2z)
r−1 −
r2y
(r−1)(1−r2z ) +
r(rr2y−2r+3)
r−1 −
2r2y
(1−r2z)2 ,
f 11PP,3 = 1− 2r
2
y
(1−r2z)2 ,
f 22PP,4 = −2r
2
y(2r
2r2y−4r2+4r−1)
(1−r2z)2 −
r2(1−r2z)
r−1 +
r2y(4r
3−2r2r2y−6r+1)
(r−1)(1−r2z ) +
r(3rr2y−2r+3)
r−1 ,
f 22PP,3 =
2(2r2−2r−1)r2y
1−r2z −
2r2y(2r
2r2y−4r2−2rr2y+4r−1)
(1−r2z)2 + 1;
f 111PV,4 = irmryrz
(
r
(r−1)(1−r2z) +
2
(1−r2z)2
)
,
f 111PV,3 = − i2rmryrz(1−r2z)2 ,
f 122PV,4 =
irmry√
r2y+r
2
z
(2r2+rr2y−3r+2
(r−1)(1−r2z ) +
2(rr2y+rrz−r+1)
(1−r2z)2 −
r
r−1
)
,
f 122PV,3 =
irmry√
r2y+r
2
z
(2(rr2y+rrz−r−r2y−rz)
(1−r2z)2 +
2r
1−r2z
)
,
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f 123PV,4 =
i√
r2y+r
2
z
(− rr2y(2r−r2y−3)
(r−1)(1−r2z) +
2r2y(rr
2
y+2rrz−rz)
(1−r2z)2 −
r(2r2y+1)
r−1 +
r(1−r2z)
r−1
)
,
f 123PV,3 =
i√
r2y+r
2
z
(2(rr2y+2rrz−r2y−rz)
(1−r2z)2 −
2(r−1)
1−r2z
)
,
f 221PV,4 = irmryrz
(2(2r−1)
(1−r2z)2 −
r
(r−1)(1−r2z )
)
,
f 221PV,3 = i2rmryrz
−1+2r
(1−r2z)2 ;
f 1111VV,4 =
r2(1−r2z)
r−1 −
2r−r2y−2
(r−1)(1−r2z ) −
r(rr2y+1)
r−1 +
2r2y
(1−r2z )2 ,
f 1111VV,3 = − 2r
2
y
(1−r2z)2 +
2
1−r2z − 1,
f 1122VV,4 =
1
r2y+r
2
z
(− r2r4y+r2r2y+rr2y+3r+r2y−2
r−1 − r
2(1−r2z)2
r−1 +
r(1−r2z)(2rr2y+r+1)
r−1
+
(r2y+1)(2r+r
2
y−2)
(r−1)(1−r2z ) +
2(ry−1)(ry+1)r2y
(1−r2z)2
)
,
f 1122VV,3 =
1
r2y+r
2
z
(− 2r2y
(1−r2z)2 +
2(2r2y+1)
1−r2z − r
2
y − r2z − 2
)
,
f 1123VV,4 =
rmryrz
r2y+r
2
z
( r(r2y+1)
(r−1)(1−r2z ) −
r
r−1 +
2(ry−1)(ry+1)
(1−r2z)2
)
,
f 1123VV,3 =
rmryrz
r2y+r
2
z
(
2
1−r2z −
2
(1−r2z)2
)
,
f 1133VV,4 =
1
r2y+r
2
z
(− r2r4y+3r2r2y+2r2−rr2y−r+r2y
r−1 − r
2(1−r2z)2
r−1 +
(r2y+1)r
2
y
(r−1)(1−r2z )
+
r(1−r2z)(2rr2y+3r−1)
r−1 +
2(ry−1)(ry+1)r2y
(1−r2z)2
)
,
f 1133VV,3 =
1
r2y+r
2
z
( 2r2y
1−r2z −
2r2y
(1−r2z)2 − r
2
y − r2z
)
,
f 1212VV,4 =
r2m√
r2y+r
2
z
(− r(r2y+1)
(r−1)(1−r2z ) −
2(rr2y+rz)
(1−r2z)2 +
r
r−1
)
,
f 1212VV,3 =
r2m√
r2y+r
2
z
(− 2(rr2y−r2y−1)
(1−r2z)2 −
2
1−r2z
)
,
f 1213VV,4 =
rmry√
r2y+r
2
z
( r(2r−r2y−3)
(r−1)(1−r2z ) −
2(rr2y+rrz+r−1)
(1−r2z)2 +
r
r−1
)
,
f 1213VV,3 =
rmry√
r2y+r
2
z
(2(r−1)
1−r2z −
2(rr2y+rrz+r−r2y−1)
(1−r2z)2
)
,
f 2211VV,4 =
2r2y(2r
2r2y−1)
(1−r2z)2 +
r2(1−r2z)
r−1 −
4r3r2y−2r2r4y−4r2r2y−2rr2y−2r+r2y+2
(r−1)(1−r2z ) −
r(3rr2y+1)
r−1 ,
f 2211VV,3 =
2r2y(2r
2r2y−2rr2y−1)
(1−r2z)2 −
2(2r2r2y−2rr2y−r2y−1)
1−r2z − 1,
f 2222VV,4 =
1
r2y+r
2
z
(2r2y(2r2r4y+2r2r2y−r2y+1)
(1−r2z)2 −
r2(1−r2z)2
r−1 +
4r3r2y−5r2r4y−7r2r2y−3rr2y+r+r2y−2
r−1
− 8r3r4y+4r3r2y−2r2r6y−10r2r4y−4r2r2y−2rr4y+2r+r4y−r2y−2
(r−1)(1−r2z ) +
r(1−r2z)(4rr2y+r+1)
r−1
)
,
f 2222VV,3 =
1
r2y+r
2
z
(2r2y(2r2r4y+2r2r2y−2rr4y−2rr2y−2r2y−1)
(1−r2z)2 −
2(4r2r4y+2r
2r2y−4rr4y−2rr2y−r4y−3r2y−1)
1−r2z
18
4r2r2y +−4rr2y − 3r2y − r2z − 2
)
,
f 2223VV,4 =
rmryrz
r2y+r
2
z
( r(4r−r2y−5)
(r−1)(1−r2z ) −
2(2rr2y+2r+r
2
y−1)
(1−r2z)2 +
r
r−1
)
,
f 2223VV,3 =
rmryrz√
r2y+r
2
z
(
2(2r−1)
1−r2z −
2(2rr2y+2r+r
2
yrz−r2y−1)
(1−r2z)2
)
,
f 2233VV,4 =
1
r2y+r
2
z
(2r2y(2r2r4y+6r2r2y+4r2−4rr2y−4r−r2y+1)
(1−r2z)2 −
r2(1−r2z)2
r−1 +
r(1−r2z)(4rr2y+3r−1)
r−1
− r2y(8r3r2y+12r3−2r2r4y−14r2r2y−24r2+2rr2y+10r+r2y+1)
(r−1)(1−r2z ) +
4r3r2y−5r2r4y−13r2r2y−2r2+3rr2y+r+r2y
r−1
)
,
f 2233VV,3 =
1
r2y+r
2
z
(− 2r2y(4r2r2y+6r2−4rr2y−6r−r2y)
1−r2z +
2r2y(2r
2r4y+6r
2r2y+4r
2−2rr4y−6rr2y−4r+1)
(1−r2z)2
+ 4r2r2y − 4rr2y − 3r2y − r2z
)
. (21)
Here, r = mb/(mb+mc). The analytical results for the one-loop amplitude are lengthy,
and are presented in the supplementary files attached to the arXiv preprint.
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